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Detailed knowledge of the mechanical properties of nanocrystals is crucial for understanding the behavior of
micromachining devices. Determining experimentally the elastic and plastic properties of nanocrystals can be
very challenging. In this work, we present molecular-dynamics simulations of mechanical properties of Al
nanocrystals, both using Lennard-Jones and embedded-atom method potentials. We show that this kind of tests
borrowed from mechanical engineering provide helpful insight on the mechanical behavior of nanocrystals. We
also provide evidence suggesting that the small scale effects, mainly due to the small surface-to-volume ratio
of nanocrystals, are crucial. The main results of our work are the failure of the thermodynamical relations
connecting the applied stress and the material strain �additionally, we introduce a simple mathematical frame-
work to account for this effect�, the nonequilibrium behavior at the onset of the plastic deformation related to
the appearance of long tails �power law� in the distribution of dissipated heat and, finally, the existence of
conditions under which the system can experience reversible load-unload cycles in the plastic state.
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I. INTRODUCTION

Nanowires and other nanoscale materials have attracted
considerable interest as active components of electronic and
electromechanical devices �see Ref. 1 and references
therein�. The advent of nanotechnology and the maturity of
certain fields as surface science or electronic microscopy
have catalyzed recently many efforts focused on the critical
behavior at the onset of plasticity, fracture, the dependence
on scale of mechanical properties, hardening, and others.

Traditionally, most of the computational work in the field
has been devoted to the connection between continuum me-
chanics and the atomistic point of view of matter, mainly due
to the potential technological applications of nanosized ma-
terials. This is exemplified, for instance, in numerous studies
of the mechanical properties of nanocrystalline materials
such as metals,2 silicon,3 carbon nanotubes,4 and more re-
cently on graphene.5 Besides, and from a theoretical and
more fundamental viewpoint, the role of microscopic ava-
lanches and the so-called plastic flow are crucial in order to
understand the physical origin of plasticity, yield, and
fracture.6 It is precisely at the nanoscale where molecular
dynamics has been proven fruitful to gain some insight on
the influence of microscopic collective motion on macro-
scopic behavior.

In this scenario, molecular-dynamics allows to study the
effect of collective atom motion on mechanical properties.7

For instance, it has been recently shown that nanocrystalline
fcc metals constitute a perfect testbed to stress the validity of
some qualitative explanations of the apparent differences be-
tween nanocrystals and macrosolids.8 Thus, in this work we

will use also nanocrystalline fcc Al, partly due to this recent
interest on fcc metals and partly because it can be simulated
both accurately and consistently with experiments �as we
will show below� using simple pair potentials.

In this paper, we adopt a mixed strategy to study mechani-
cal properties of nanosized materials. By means of
molecular-dynamics simulations, we perform �computer�
mechanical engineering tests �common to macroscopic sol-
ids� as tensile, shear, or contact tests. This method allow us
to determine the qualitative effect of surface on relevant me-
chanical properties. Moreover, as we can control the external
actions on every single atom, we do not need to do further
assumption about the connection between microscopic po-
tential energies and macroscopic elastic constants.9 In sum-
mary, we want to emphasize the differences between nanos-
ingle crystals and solids made of nanosized grains due to the
relevant role of the material surfaces. It is expected that the
mechanical properties of single-crystal materials of hundreds
to thousands of nanometers must be more relevant as minia-
turization allows to build many components of micromachin-
ing at those scales.

The report of our results is organized as follows. In Sec.
II, we review some concepts from continuum mechanics
�such as stress-strain graphs, elastic constants, contact laws,
etc.�. We provide some details of our molecular-dynamics
simulations in Sec. III. We emphasize the consistency of our
choice of potential energies and other parameters in Sec.
III B. In Sec. IV, we present our main results and we con-
clude in Sec. V with the highlights of our work and some
outlook to future research.

PHYSICAL REVIEW B 80, 024109 �2009�

1098-0121/2009/80�2�/024109�9� ©2009 The American Physical Society024109-1

http://dx.doi.org/10.1103/PhysRevB.80.024109


II. MECHANICAL PROPERTIES OF MATERIALS

In this section, we summarize some concepts of con-
tinuum mechanics and introduce some notation that will fol-
low hereafter. For an introduction to the field, see, for in-
stance, Refs. 10 and 11.

Elasticity. Briefly, we want to distinguish between two
kind of properties: elastic and contact-related properties. The
elastic behavior of materials is usually characterized by three
parameters �see Fig. 1�: the Young’s modulus E, the shear
stress modulus or modulus of rigidity G, and the Poisson’s
ratio � �although, in general, the first two are tensors�.

These parameters help to quantify the response of a ma-
terial under tensile �E� and shear �G� tests �Fig. 1�. In the
case of isotropic materials, they are related by

G =
E

2�1 + ��
. �1�

Besides, Poisson’s ratio � relates the strain suffered by a
material in the transverse direction �trans, when it is de-
formed externally a magnitude �axial in the axial direction,

� = ��trans

�axial
� . �2�

Thermodynamics constrains the values of � to be in the
range −1���0.5, being �=1 /3 a typical value of metallic
solids.10

Although nanoscopic fcc metals are not rigorously
isotropic,12 we will constraint our mechanical tests to pre-
ferred crystalline directions so we will not determine all the
elements of E and G tensors but those in predefined orienta-
tions �so we expect that Eq. �1� can be approximately
valid13�.

Contact. Contact mechanics is usually defined as the
study of the tensions and deformations suffered by two solid
bodies when they are put together in contact.14 This problem
has important applications, for instance, in nanotribology, the
study of granular media, or wear.15

Hertz’s theory was the first, and to date the most used
�see, for instance, an application in nanoindentation in Ref.

16 and references therein� attempt to describe the contact
between solids in the elastic regime.10 Specifically, Hertz’s
law states that the radius of curvature of the deformed inter-
face a is related to the applied compressive force �load� F
and material and geometrical parameters through the simple
relation �for spheres, see Fig. 2 for additional notation�,

a = �3FR

4E� �1/3

, �3�

with

1

E�
=

1 − �1
2

E1
+

1 − �2
2

E2
, �4�

and

1

R
=

1

R1
+

1

R2
, �5�

where R1 and R2 are the radii of curvature of the solids at the
contact point.

The derivation of Hertz’s law is based on some assump-
tions besides linear elasticity, namely, the surfaces of contact
must be continuum, materials are isotropic and homoge-
neous, there is no relative sliding between surfaces and, fi-
nally, strains are small in comparison with the mean radii of
curvature of the solids. These assumptions can be strong and,
in general, not valid for atomistic simulations.

Adhesion. As we have emphasized above, an important
peculiarity of nanosized materials is the relevance of the
events taking place at the surface. The atoms near the solid
surface possess higher energy than those in the bulk due to
the lack of atoms in their neighborhood. This excess energy
is called the surface tension �also known as the energy of
adhesion per unit area�. When two different solids are close
to each other, an adhesion force appears that tries to put the
surfaces of both solids in contact. Surface tension � can be
computed as the net difference between the surface tensions
before ��1+�2� and after ��12� contact,

� = �1 + �2 − 2�12. �6�

FIG. 1. Sketch of the mechanical tests performed in this work.
�a� Tensile test: two uniaxial stresses � are applied in opposite
directions. �b� Torsion test: two opposite torques are applied. Inter-
nally, a material volume is subject to two antiparallel stresses, � are
applied to the material �zoomed region inside the circle�. The latter
situation is what we are reproducing in this work. �c� Contact test:
two bodies are put in contact through a loading stress �. In �a� and
�b�, the strain rate is constant, whereas in �c�, the applied stress is
constant.

FIG. 2. �Color online� Notation used in the contact theory. In
our case, we are considering two equal semispheres �R1=R2� are
put in contact through an external loading �P. The contact radius a
and the deviation from the undeformed state �1=�2 can be extracted
numerically from this test.
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In order to account for these surface phenomena, Johnson,
Kendall and Roberts �JKR� �Ref. 17� proposed a theory of
adhesive contact. Accordingly to the JKR theory, the relation
between the applied load and the radius of curvature of the
contact is given by �for equal radii R1=R2=R�

a3 =
3R

4E�
�F + 3	�R + �6	R�F + �3	R��2� . �7�

Note that the Hertz’s law is recovered in the limit of no
adhesion �→0. It is customary to quantify the relevance of
adhesion through an adimensional quantity called Tabor’s
number �T defined as18

�T = 	 R�2

�E��2d3
1/3
, �8�

where d is the average distance from an atom to its nearest
neighbors. Tabor’s number ranges from �T=0.000 5 for
Hertzian contact to �T
5 for a purely adhesive contact.

III. ATOMISTIC SIMULATIONS

A. Simulation parameters and setup

In this paper, we simulate fcc Al, partly motivated by its
increasing interest as a testbed system to study the dynamics
of dislocations.8 Besides, as we show in this section, it can
describe accurately some structural properties of real Al.

The choice of the molecular-dynamics potentials is some-
how controversial, specially for Al.19 In principle, multipar-
ticle potentials as embedded-atom methods �EAM� �Ref. 20�
may contain more physical aspects of the microscopical in-
teractions among atoms but—as emphasized in Ref. 19—it is
unclear which of these calculations is most reliable, making
an evaluation of the EAM models difficult. Thus, another
aim of our work is to determine its reliability in this particu-
lar context. Other authors21 use other pair potentials �for in-
stance, Morse’s potential� in the modeling of Al. Morse’s
potentials has three independent parameter �in contrast with
Lennard-Jones �LJ� that has only two�. In order to be more
exhaustive, in this work, we simulate both Lennard-Jones
and EAM potentials. The differences between them are quan-
titative but, qualitatively, we obtain the same results. For LJ,
we will use the following parameters:22 �=2.62 Å and �
=4824 K. Further details of both techniques can be found in
Ref. 7 and references therein.

One important ingredient of molecular-dynamics simula-
tions is the choice of the boundary conditions. Here, we con-
sider that surfaces are free—periodic boundary conditions
may inhibit the relaxation of defects at the surface �as mov-
ing dislocations or diffusional point defects�.

One of the most relevant observables of our work is the
stress tensor. Macroscopically, the stress is a tensor which
takes into account the forces exerted per unit area on a dif-
ferential volume. Microscopically, one can estimate the com-
ponents of the tensor from the so-called virial stress,23,24

��� =
1


�

i
�mivi

�vi
� + �

j�i

rij
�Fij

�� , �9�

where the subindexes �ij= �x ,y ,z stand for the components
of the position and force vectors between particle � and par-
ticle � within a volume of interaction . There has been
some controversy about this definition but, as shown in Refs.
24–26, this definition is not compatible with macroscopic
Cauchy stress when averaged over space and time. Thus,
another alternative expression is commonly used,

��� =
1


�

i
�
j�i

rij
�Fij

� , �10�

In order to overcome this controversy and provided that we
can track the force exerted on every atom, we will calculate
the stress from the microscopic forces �and areas� of the
atoms being under action of the external forces.

B. Physical consistency of the simulations

Our choice for LJ potential is based, among other reasons,
on its capability to reproduce well-known properties of Al, as
the fcc structure or the lattice spacing. EAM potentials are
fitted to provide additional benefits �as the melting point, for
instance�. We are interested in the mechanical response of
the nanocrystal, so, we will focus on the lattice organization
of the material. In Table I, we summarize the values of the
lattice spacing and distance to nearest neighbors for both
experiments and molecular-dynamics simulations, showing a
good agreement.

Due to the relevance of the surface-to-bulk ratio, we have
computed the mentioned parameters for the atoms located at
the materials surface. Clearly, the lattice spacing is larger in
that case due to the lack of bonds between surface atoms
with respect with those at the bulk. For both potentials �LJ
and EAM�, the ratio between the lattice parameter for surface
atoms 4.10 and bulk atoms 4.04 is about 1.4%, which is in
agreement with the experimental known values for Al.27

Note that both potentials give, approximately, the same struc-
tural values. Thus, the main differences between them are
related to binding energies, so we expect that qualitatively
the results are independent of the potential choice.

TABLE I. Structural properties of Al. Column d stands for the
FCC lattice spacing and dnn for the distance of an atom to its near-
est neighbors.

d
�Å�

dnn

�Å�

Crystalline Al �experimental� 4.04 2.856

Bulk atom �MD� �Lennard-Jones� 4.04 2.857

Surface atom �MD� �Lennard-Jones� 4.10 2.897

Bulk atom �MD� �EAM� 4.04 2.856

Surface atom �MD� �EAM� 4.10 2.893

SURFACE EFFECTS IN ATOMISTIC MECHANICAL… PHYSICAL REVIEW B 80, 024109 �2009�

024109-3



IV. RESULTS

In the preceding section, we have checked the validity of
the LJ and EAM potentials to capture the structural features
of Al. Now, we report on three types of mechanical tests to
Al nanocrystals �as sketched in Fig. 1�: tensile, shear, and
contact tests. In all cases, we extract the elastic properties of
the nanocrystal from the analysis of the morphological re-
sponse of the system and not from questionable coarse-
grained formulas connecting the microworld and the macro-
world as discussed in Sec. III A and not by means of Eqs. �9�
and �10�. This can be done because we know at every time
step the exact position, velocity, and force exerted by/over all
the atoms.

A. Tensile tests

Tensile tests are performed by applying two opposite
uniaxial forces to a 104 Al atom nanocrystal �70�50
�50 Å3, a typical size for monatomic nanoparticles28�,
which is deformed with a chosen strain rate of 3�108 s−1

�as in Ref. 8, in opposition to constant applied force simula-
tions�. All the simulations are made at T=100 K. The ap-
plied stress is plotted against the strain � in the so-called
stress-strain curve �Fig. 3�.

1. Elasticity, homogeneous and heterogeneous plasticity

Although we are only considering here the case of a con-
stant strain rate, we have performed constant stress simula-

tions and, quantitatively, the same values for the elastic pa-
rameters were obtained �not shown�. We can recognize three
stages in Fig. 3: linear, homogeneous plastic, and bottleneck
formation �with subsequent heterogeneous plastic deforma-
tion�.

In the first regime, there is a linear relation between the
stress and the strain. The slope of the curve is Young’s
modulus.29 In our case, we find ELJ=149.6�0.3 GPa for LJ
and EEAM=86.7�0.2 GPa for EAM. For macroscopic Al, it
has been reported that E=77 GPa.30 This value is in reason-
able good agreement with EAM but considerably lower than
the value for LJ. Other choices as Morse’s potential provide
Emorse=27 GPa, which underestimates the real value.

Another interesting feature that can be extracted by a
simple inspection of Fig. 3 is that the stress-strain curve at
the linear regime does not cross through the origin, namely,
the applied stress for vanishing strains is not zero. As we
analyze in Sec. V, this is one of the most notable surface
effects �and will be mathematically justified in Sec. IV C�.

After the linear stage �at the so-called yield point�, the
deformation is no longer elastic and is known as �homoge-
neous� plastic deformation. This stage is dominated by the
creation of defects and the consequent relaxation of the in-
ternal stresses. The mechanism of yielding is not clearly un-
derstood at a microscopic level.6,31 Notwithstanding, as we
show in Sec. IV A 2, this stress release takes place in the
form of avalanches which dissipate energy from larger scales
to smaller ones �as in fluid turbulence�. In principle, the cre-
ation of defects is related to the phenomenon of hysteresis,
namely, the system displays memory effects. This is the clas-
sical explanation why polycrystalline materials are more
ductile due to the relaxation of energy through grain
boundaries.2,8

However, the scenario can be slightly different for nano-
crystals due to the small surface-to-volume ratio. Thus, de-
fects are released on the surface more easily than in the mac-
roscopic case. In Fig. 4, we show a load-unload cycle,
namely, the system is stretched from its undeformed state at
constant strain rate. After, the systems are driven back to a
situation in which the total length of the system is the origi-
nal one.

Although there is some kind of hysteresis �the paths are
unequal in the stretching and compressing stages and the
stress at zero strain is slightly different�, the system can be
driven back to a state which is almost identical energetically.
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FIG. 3. �Color online� Stress-strain curve obtained from the ten-
sile tests for a 70�50�50 Å3 crystal containing approximately
104 atoms. The straight dashed line is a linear fit in the elastic
region of slope E. Note that this fit does not cross through the
origin. This is a manifestation of the effect of the surface tension
�see text�. �a�: simulations performed with Lennard-Jones potential
ELJ=149.6 GPa. �b�: simulations performed with EAM potential
EEAM=86.7 GPa.
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FIG. 4. �Color online� Load-unload cycle in the plastic regime. Note how, contrary to what happens in macroscopic materials �a�, the
plastic deformation can almost be removed reversibly �the unload curve drives the system to its initial undeformed state�. There are slight
differences due to some energetic differences at the surface. �b�: Lennard-Jones. Bottom: EAM. Upper curves in all panels stand for loading
and �c� curves for unloading.
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This happens because defect releasing at the surfaces that
help the atoms to be in regular lattice positions is easier for
smaller crystals. Note that the applied stress is sometimes
negative �compression� in order to let the atoms accommo-
date to their equilibrium positions.

Finally, if the system is further deformed, due to the small
size of the system and the crystalline structure of the lattice,
the material may fracture or deform nonhomogeneously �for
instance, through the formation of bottlenecks�.

The tensile tests also allow to determine the value of Pois-
son’s ratio �, as given by Eq. �2�. Thus, the geometrical
analysis of the obtained morphologies provides the curve in
Fig. 5. The straight line is a linear fit that corresponds to �
=0.30�0.01 for LJ and �=0.31�0.01 for EAM, values
which are close to the expected value for metals �=0.33
which is exactly the value for Al.

2. Energy spectrum

As the strain rate is constant, the force must change dy-
namically at every simulation step to accommodate to the
local microscopic rearrangement of the atoms. To illustrate
this fact, the fluctuations of the applied force are depicted in
Fig. 6.

An alternative way to characterize the microscopic dy-
namics of the system is through the evolution of the total
energy of the system. As we are performing a work to stretch
the crystal, the total energy of the system is not conserved
�Fig. 7�. We can identify different stages of the simulation in
Fig. 7 �top panel�. After the yield point, the crystal is absorb-
ing and releasing energy with the environment through its
coupling with the external force. Small energy-loss events
take place prior to catastrophic events as both bottleneck
formation or fracture. For ductile materials, fracture is ener-
getically less favorable than for brittle ones, and the plastic
deformation is composed by a sequence of avalanches as
shown in the bottom panel of Fig. 7.

Another consequence of the microscopic rearranging of
the atoms is that the energy is pumped into the system in
small jumps. This energy is transferred from the macroscopic
modes �the macroscopic strain of the box� to the microscopic
degrees of freedom. Those small magnitude strain events are
precursor to the largest ones �either fracture or bottleneck
formation, depending on the conditions and width of the
sample�. Therefore, there is a balance between inflow and
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FIG. 5. �Color online� Strain rate in the transverse direction against the strain in the axial �tensile� direction in a tensile test. The absolute
value of the slope of the linear fit �dashed straight line� is the value of the Poisson’s ratio. �a�: Lennard-Jones, �=0.30. �b�: EAM, �
=0.31
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FIG. 6. �Color online� �a�: time evolution of the applied forces
on topmost and bottom-most layers of the material. The bottleneck
formation point can be identified with the abrupt drop in the abso-
lute value of the forces for LJ. �b�: time evolution of the stress �for
EAM�. Plastic avalanches are related to abrupt changes in the stress.
The dashed straight line shows the deviations from the linear elastic
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and kinetic energies of the material in a tensile test. The stress is
applied after an equilibration stage of 5 ps. The black solid line
shows the results from simulations; the dot-dashed red line is a fit to
classical Hooke’s law and the dashed blue line a fit to Eq. �17� for
LJ potential. Right: a zoom of the region where the deviations from
the classical theory are more important �gray band in left panel�. In
this case, both LJ �top right� and EAM �bottom right� are shown in
detail.
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loss of energy �which one can assume, that is, lost in the
form of acoustic emission�. We can calculate the spectrum of
acoustic emission through the distribution of kinetic-energy
differences �K at consecutive time steps.31 In Fig. 8, we
show the deviations from a Gaussian and the power-law de-
pendence of the acoustic spectrum after the onset of the plas-
tic regime. The power-law dependence for high frequencies
�large energy jumps� of the density resembles the Kolmog-
orov’s energy cascade in turbulence. Actually, both phenom-
ena are a consequence between the separation of scales that
take place in the problem. In our case, we can compare the
velocity of the individual atoms �which is typically on the
order of �KBT /m�1/2� and the velocity of deformation of the
crystal due to the external stress exerted on the system.

Although it is beyond the scope of the present paper, we
expect that the energy cascade in Fig. 8 can play an impor-
tant role on the onset of the so-called plastic flow driven by
avalanches6,31,32 which is typically a nonequilibrium process.
This deviations from a Gaussian are less important for larger
system sizes, in which thermodynamical fluctuations are
recovered.33 The numerical value of the exponent in the
power-law part of the curve � could be measured in experi-
ments or used to test analytical approaches to the problem.
Characterizing whether that exponent is universal can be a
numerical challenge and would need extensive simulations at
different scales �and also many realizations of the same con-
figuration, in order to improve ensemble averages�. Actually,
it depends on the choice of the potential: �LJ=1.36 and
�EAM=1.87.

B. Torsion (shear) tests

The aim of shear tests is the computation of the modulus
of rigidity G. The configuration of the shear test is shown in
Fig. 1�b�. In Fig. 9, we show the output of a shear test. It is
noticeable that the linear regime extends hardly upon the
value of the strain where fracture or bottleneck formation
appears. In other words, the homogeneous plastic regime
does not seem to be relevant in shear tests under the condi-
tions considered here. As in the case of the tensile tests, we
deform the nanocrystal at constant strain rate so the applied

force fluctuates about its mean. The value of the modulus of
rigidity obtained from numerical calculations is GLJ
=47.3�0.02 GPa for LJ potential and GEAM
=31.6�0.03 GPa for EAM. For macroscopic Al, it has been
reported that at 100 K, G=29 GPa �Ref. 30� in excellent
agreement with EAM simulations and consistent with Eq.
�1�.

As we mentioned in Sec. II, Eq. �1� provides a consis-
tency relation among E, G and �. In our case, the value
obtained of GEAM numerically from simulations differs in
less than 4%. This relation holds despite it is only strictly
valid for isotropic materials because we have chosen both the
tensile and shear directions not contained in the fcc slip
plane �the �111� plane�.

C. Contact tests

One of the most relevant aspects of the mechanics of
nanocrystals is the behavior of the materials under contact.
We have simulated the contact of two solid surfaces as
sketched in Fig. 1�c�. Thus, two semispheres �with 5�103

atoms each� are compressed to each other in the direction
perpendicular to the plane so sliding can be safely neglected.
In all cases, we have considered the contact under constant
applied stress.

The small dimensions of the system must reflect the dis-
crete nature of the atomic composition of the material. In
Fig. 10, we show the evolution of the mean separation be-
tween the centers of the two semispheres as a function of
time. Note how, in all cases, there is an oscillation in the
separation between both spheres. Thus parameters as the ra-
dius of curvature of the contact area a, appearing in Eqs. �3�
and �7�, need to be averaged over several periods. Interest-
ingly, the frequency of oscillation is a function of the applied
stress so the dynamic response is in fact a nonlinear effect
�anharmonicity� of the microscopic underlying dynamics �in-
set in Fig. 10�.

1. Numerical insight on the anharmonic behavior

The anharmonicity can be explained by means of the so-
called effective potential.34 Thus, a multiparticle stochastic
dynamics can be easily described in terms of a coarse-
grained effective potential as long as the dynamics is station-
ary. For a single particle, it is defined as

FIG. 8. �Color online� Frequency of kinetic-energy jumps �or,
equivalently, heat losses�. Circles stand for simulations; the dashed
red line is a fit to a Gaussian. The straight solid blue line is a
power-law fit of the form ��K�� showing the nonequilibrium char-
acter of plastic deformation. Left: Lennard-Jones, �LJ=1.36. Right:
EAM, �EAM=1.87.
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FIG. 9. �Color online� Shear stress test of a 70�50�50 Å3

crystal containing approximately 104 atoms. The red dashed straight
line is a linear fit with slope G. �a�: Lennard-Jones, GLJ

=47.3 GPa. �b�: EAM, GEAM=31.6 GPa.
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Vef f�x� = − KBT log P�x� , �11�

where T is the temperature, KB is the Boltzmann’s constant,
and P�x� is the normalized frequency distribution of finding
a particle at distance x from its equilibrium position. Note
that we call Vef f effective because P�x� can depend on tem-
perature �and so it does not appear exclusively as a prefactor
in Eq. �11� as in equilibrium statistical mechanics�.

In Fig. 11, we show the effective potential Vef f, averaging
over 1000 bulk particles at constant temperature and in me-
chanical equilibrium in a transversal direction �x�. Although
the particles are subject to a two-pair LJ potential, the col-
lective coupling with its neighbors changes considerably the
potential the particle actually sees. Thus, the constrained mo-
tion caused by the neighborhood of the particle limits the
distances r the particle can explore from its equilibrium po-
sition.

2. Surface adhesion

To quantify the importance of adhesion, we can estimate
the value of the Tabor’s number from the simulation data.
Thus, from the definition of surface energy US,

US = − �Acontact � �l2, �12�

where � is the energy of adhesion per unit area and Acontact is
the mean area of contact between two surface atoms. From
the simulations, we find that

�LJ = 0.024 aJ/Å2, �13�

and

�EAM = 0.008 aJ/Å2. �14�

Then, Tabor’s number is approximately �T�0.25�0.000 5
for LJ and �T�0.12�0.000 5 for EAM, so the effects of
adhesion must be important.

In Fig. 12, we show the quantitative good agreement be-
tween JKR theory and simulations ��P is the applied load to
the spheres�. Note that the surface adhesion is negligible in
macroscopic Al in spite of the effect of adhesion raises with
the area of contact because the contact between two macro-
scopic Al solids is nonconformal: two macroscopic surfaces
are rough and the number of contact points depend on the
applied force.14,35 Although we have not quantified the
kinetic-energy-loss distribution f��K� in the contact process,
it is expected that a similar energy cascade will also occur in
this situation due to the so-called adhesion hysteresis.36

3. Mathematical approach

With the information obtained from the contact tests in
the preceding section, we can sketch a mathematical theory
of the deviations of the stress-strain curves from the macro-
scopic behavior in the limit of no strain. In other words, the
fact that the stress-strain curve does not crosses through the
origin. This effect comes from the importance of the surface
tension in the energy balance of the system. Thus, consider-
ing an isotropic solid �for simplicity, generalizations to a
tensor equation is straightforward�, the external force applied
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FIG. 10. �Color online� Distance between semispheres centers in
a contact test. Colors stand for different values of the applied force.
From top �black� to bottom �light gray�: F=0.01, 0.05, 0.1, 0.15,
0.2, 0.25, and 0.3 nN, respectively. Inset: frequency of oscillation
against the applied force �circles�. The straight line is guide for the
eyes. The anharmonicity is reflected in the nonconstant value of f .
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FIG. 11. �Color online� Effective potential �solid black line� Vef f

averaged over 1000 bulk particles at constant temperature �T
=100 K� and in mechanical equilibrium in the transversal direction
x. The red dashed line is a fit to a parabola. Clearly, the effective
potential the particles actually see is no harmonic, so a dependence
of the frequency of oscillation with the applied force is expected �as
in Fig. 10�.

��
��

��
��
��
���
�
�� ��

��
��
���
� ��

��

0 1 2 3
σ

P
/3γπR

0

0.5

1

1.5

2

aE
* /3

γπ
R

2

FIG. 12. Normalized radius of contact �a� against the normal-
ized applied loading stress �P. The solid line is a fit to the JKR
theory given by Eq. �7�. The dashed line shows the prediction of
Hertz’s theory.

SURFACE EFFECTS IN ATOMISTIC MECHANICAL… PHYSICAL REVIEW B 80, 024109 �2009�

024109-7



to the material in a tensile test contributes to two effects:
stretching the solid and overcoming the surface tension.
Thus, we can compute the elastic and surface contributions
as

Fext = Fel + Fsurf = E�LxLy + 2��Lx + Ly� , �15�

so

�ext = E� + �̂o � E� + 2��Lx
−1 + Ly

−1� , �16�

where Lx,y,z are the dimensions of the crystal �the tensile
stresses are applied in the z direction�. The first term is a
consequence of Hooke’s law and the second comes from the
definition of surface tension �which can be equally seen as an
energy per unit area or a force per unit length�. Clearly, in a
stress-strain plot, there is always an excess stress in the limit
�→0. Equation �16� also explains why this effect cannot be
quantified for large systems. Thus, when Lx,y→�, �̂0→0.

Similarly, the total energy of the crystal per unit volume is

eT =
dET

dV
= e0 +

E�2

2
+ 2��� 1

Ly
+

1

Lx
� , �17�

where e0 is an arbitrary reference energy.
The value of the surface tension computed above

�0.024 aJ /Å2 for LJ and 0.008 aJ /Å2 for EAM� explains the
systematic deviations in the stress-strain graph. Thus, a fit to
Eq. �16� in the elastic regime in Fig. 3 gives

�̂0 = 1.76 GPa �18�

for LJ and

�̂0 = 0.67 GPa, �19�

which is close to the value obtained from Eq. �16�: �̂0
=1.89 GPa for LJ and �̂0=0.59 GPa for EAM. Finally, in
the right panels in Fig. 7, we plot a fit to Eq. �17� with and
without the surface-tension term �see caption for details�.

In summary, Eqs. �16� and �17� provide an experimental
framework for measuring surface tensions alternative to in-
dentation tests and a clear-cut evidence of the role of surface
energy in the mechanical response of nanocrystals.

V. CONCLUSIONS

In this work, we have presented mechanical tests �bor-
rowed from mechanical engineering� by means of molecular-
dynamics simulations to characterize the elastic and homo-
geneous plastic regimes of Al nanocrystals. Our work has
focused on the effects of the small scale and the role of the
surface in the mechanical properties of the nanocrystal.

The main results of this work are �i� we have found that
some thermodynamical relations in the linear regime also
hold at the nanoscale as, for instance, Eq. �1�, but others need
to be generalized. In particular, the linear relation between
the applied stress and the material strain in the elastic regime
must be corrected to include surface-tension effects, as pro-
posed in Eq. �16�. This effect can also be computed through
the total energy of the system �Eq. �17��. Hence, we conclude
that not only we might use tensile tests as an alternative way
to measure surface tensions but also points out that the

stresses needed to deform a nanocrystal must be raised in
order to overcome surface-tension effects. �ii� Another con-
sequence of the small size of the system is the importance of
the relaxation from large to small degrees of freedom. Thus,
the system cannot relax locally to equilibrium and the energy
pumped into the system �or equivalently, the dissipated heat�
possesses non-Gaussian tails typical of many small-sized
systems.37 �iii� We have shown that nanocrystals may expe-
rience reversible load-unload cycles contrary to the expected
hysteresis behavior well known in macroscopic systems.
Again, this reversibility is a side effect of the role of the
surfaces in the problem that help to release at them the de-
fects created in the plastic regime. �iv� Finally, the choice of
the interatomic potential �either LJ or EAM� changes the
previous conclusions only quantitatively �for instance, the
elastic constants, or the energy of adhesion� but not qualita-
tively. Table II shows a comparison between potentials.

Other authors have used Morse’s potential for Al.21 This
kind of potential has three free parameters �in contrast with
LJ which has only two�, so it is more flexible. Thus, different
parameters provide different results �more brittle or more
ductile, for instance�. In Ref. 21, the authors find that the
yield stress is almost the same than in our simulations al-
though the yield strain is considerably larger. More impor-
tantly, they also observe non-negligible zero-strain stresses in
the stress-strain curves although they do not discuss this fact
in the main text. This is a clear indication, at the light of our
work, of surface-tension effects.

Similarly, in Ref. 32, all the stress-strain curves reported
display a non-negligible zero-strain stress �̂0, but the authors
do not discuss it either.

Other authors, as Heino et al.,38 use ab initio effective
medium potentials for fcc copper. They find that both the
Young’s and shear moduli do not depend on the system size.
This result is compatible with ours as they are estimating this
values from the slope of the stress-strain curve at �=0 but, as
in the preceding references, they are not considering the
surface-tension effects. In other words, the slope is indepen-
dent of the value of the stress at zero strain.

The role of the nanocrystal surface has indirectly been
emphasized in recent molecular-dynamics simulations of
ductile fracture by Sen and Buehler.39 Although, these au-
thors focus in the dynamics of fracture, they find that there
are intrinsic length scales that depend not only on the mate-
rial but also on the geometry of the experiment. Thus, the
dynamics changes dramatically when the surface is confined.

TABLE II. Comparison between Lennard-Jones and EAM
potentials.

Property Symbol �unit� LJ EAM

Young’s modulus E �GPa� 149.6 86.7

Modulus of rigidity G �GPa� 47.3 31.6

Poisson’s modulus � 0.30 0.31

Energy of adhesion ��aJ /Å2� 0.024 0.008

Zero-strain stress �̂0 �GPa� 1.76 0.67

Spectrum exponent � 1.36 1.87

MUNILLA, CASTRO, AND CARNICERO PHYSICAL REVIEW B 80, 024109 �2009�

024109-8



Notwithstanding, our work also opens many questions
that deserve extensive numerical simulations. For instance,
the role of grain boundaries in nanocrystals �which can be
crucial also in micrometer-length nanowires� or the diffu-
sional creep under compressive loading need more attention.
Finally, in order to make other quantitative predictions a sys-
tematic analysis of other parameters as temperature or the

concentration of impurities which have straightforward ap-
plications in engineering may be done.
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